Exceptional points, at which two or more eigenfunctions of a Hamiltonian coalesce, occur in nonHermitian systems and lead to surprising physical effects. In particular, the behaviour of a system under parameter variation can differ significantly from the familiar Hermitian case in the presence of exceptional points. Here we analytically derive the probability of a non-adiabatic transition in a two-level system driven through two consecutive exceptional points at finite speed. The system is Hermitian far away from the exceptional points. In the adiabatic limit an equal redistribution between the states coalescing in the exceptional point is observed, which can be interpreted as a loss of information when passing through the exceptional point. For finite parameter variation this gets modified. We demonstrate how the transition through the exceptional points can be experimentally addressed in a PT-symmetric lattice using Bloch oscillations.
The intriguing properties of open quantum systems described by non-Hermitian and PT-symmetric Hamiltonians have opened up a new area of research [1, 2] . The difference between Hermitian and non-Hermitian quantum physics is most pronounced in the presence of exceptional points, at which two or more eigenstates of a system coalesce. They lead to a number of counterintuitive features and in recent years have attracted a large amount of research interest, both theoretically and experimentally [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . A number of these studies have investigated the behaviour of the wave function when parameters are varied cyclically around such a point [13] [14] [15] [16] . In Hermitian quantum physics the adiabatic theorem ensures that a system prepared in an eigenstate remains in an instantaneous eigenstate, when parameters are varied sufficiently slowly. The situation is more involved in non-Hermitian systems. Here the exponential relative decay between different eigenstates competes with the exponentially small non-adiabatic corrections, which can lead to apparently non-adiabatic behaviour even in the adiabatic limit of infinitely slow parameter variation [17] [18] [19] [20] . This leads to asymmetric behaviour when adiabatically encircling exceptional points.
Here we go one step further and consider the behaviour of a system driven directly through an exceptional point. In particular, we study the dynamics of a two-level system driven through two consecutive exceptional points, at finite speed and in the adiabatic limit. The system is close to being Hermitian at the beginning and the end of the parameter sweep, making it meaningful to study the ratio of transmitted population between the instantaneous eigenstates far away from the exceptional points. We derive an analytic expression for the transmission probability. For adiabatic parameter variations this predicts a loss of information leading to an equal redistribution of the population between the states coalescing in the exceptional point. In the fast driving limit the familiar quantum quench behaviour is recovered. We demonstrate how this could be directly probed using Bloch oscillations in a P T -symmetric lattice in a realistic experimental setup. This provides the exciting opportunity to observe the loss of information when driving adiabatically through an exceptional point in an optical experiment. A similar effect of partial transitions between Bloch bands at exceptional points has recently been observed numerically in a more complicated lattice structure and experimentally using optical fibre loops [21, 22] . The quantitative description provided here explains these effects and opens up new opportunities for the control of optical beams.
Let us begin by considering a P T -symmetric two-level system described by the Hamiltonian
where γ and v are real parameters and we set γ > 0 without loss of generality. This Hamiltonian models two states coupled with strength v, where the population decays exponentially with rate γ in one level and grows exponentially with the same rate in the other. The eigenvalues
in dependence on v for a fixed value of γ are depicted in the left panel of Fig. 1 adiabatically. One expects the state to closely follow the instantaneous eigenstate it originated from up until the exceptional point. At this point the initial instantaneous eigenstate coalesces with the other and it cannot be inferred in which of the two states the system originated. Thus, the population of the two instantaneous eigenstates is expected to be equal immediately after the exceptional point. However, this argument does not take into account that once the parameters have passed through the first exceptional point, one of the states decays exponentially while the other grows exponentially. If v is varied infinitely slowly, the system has enough time to "switch" to the configuration where the entire remaining population is in the exponentially growing state. When the system later passes through the second exceptional point the population is again equally distributed between the two eigenstates. Now both the states are stable and for large positive values of v the population is expected to be equally distributed between the two instantaneous eigenstates. This behaviour occurs independently of the initial state. That is, the information about the initial state is lost entirely when the system is driven adiabatically through the exceptional points. This is indeed observed in numerical simulations. In Fig. 2 the relative population of the instantaneous eigenstates (calculated as the normalised projection onto the left eigenstate) and the overall norm of the wave function are plotted as a function of time. Here v = αt is slowly varied from a large negative initial value to a large positive final value for an initial eigenstate (top) and a randomly selected initial state (bottom). The norm, depicted on the right, grows approximately exponentially in the region between the two exceptional points and continues to oscillate after the second exceptional point due to the lack of orthogonality of the eigenstates. The oscillations die off at large values of v where the eigenstates become approximately orthogonal.
In practice, however, parameters are not always var- ied slowly, and we are thus interested in the behaviour of the system when v is varied non-adiabatically. This can in fact be understood analytically by closely following Zener's derivation of the famous Landau-ZenerMajorana-Stückelberg formula [23] . To simplify the analysis we rotate the frame of reference to bring the Hamiltonian into a form similar to the Landau-Zener problem
where v = αt, α ∈ R + and t runs from minus to plus infinity. At t → ±∞ the eigenstates are given by the two uncoupled levels, i.e. the standard basis. We assume that the system is initially in the eigenstate
We want to deduce the transmission probability into the same diabatic state at t → ∞, given by
and transform (6) into the second order differential equation
Applying the transformation z(t) = e −iπ/4 √ 2αt converts this equation into the Weber equation
with ν = −iβ and β = γ 2 /2α. A solution satisfying the boundary condition (4) is given by
where A is a normalisation factor and D ν is a Weber function [24] . The normalisation factor is determined from the asymptotic value
with R = √ 2αt. Inserting this into the equation of motion (6) provides an asymptotic expression for ψ 2
which, together with the boundary conditions, yields |A| 2 = βe πβ/2 . Making use of the asymptotic value
and well-known properties of the gamma function, leads to the amplitude
For unitary time-evolution |ψ 2 (t → +∞) | 2 can be obtained from |ψ 1 (t → +∞) | 2 due to the conservation of probability. However, for the non-Hermitian dynamics considered here the total probability is no longer conserved. The amplitude |ψ 2 (t → +∞) | 2 must be calculated by other means, starting with equation (7) and following a similar procedure to the one just used. The detailed calculation, yielding
is provided in the Appendix. Inserting (14) and (15) into the definition of the transmission probability (5) finally yields
As expected this approaches 1 2 in the adiabatic limit. On the other hand, in the limit of fast driving, the usual
transmission probability monotonically increases with α, interpolating between the two limits. Figure 3 depicts the transmission probability as a function of α for various values of γ.
In the following we demonstrate that the model (3) very accurately describes the band transitions in a PTsymmetric lattice with an applied static force. This allows for a direct observation of the transition through a series of exceptional points in dependence on the adiabatic parameter, which can be tuned via the static force. Let us consider a P T -symmetric tight-binding Hamiltonian of the form
with a gain and loss rate Γ ∈ R + . This model can be realised, for example, as a chain of waveguides with absorption in every other waveguide and optical gain of an equal strength in the waveguides in between. Some of the properties of this model have previously been discussed in [25, 26] . A passively P T -symmetric version of this model has been implemented experimentally in [27] .
It is convenient to study the system in the quasimomentum representation, that is, in the basis of the Bloch states
where the quasimomentum k is confined to the region −π ≤ k ≤ π. The Bloch states are orthogonal and normalised to the 2π-periodic delta comb k|k = δ 2π (k − k). In a similar spirit to [28] we introduce the two-component function Ψ = (Ψ 1 , Ψ 2 ), with Ψ 1 (k) = ψ(k) and Ψ 2 (k) = ψ(k + π). The time-evolution may then be written as the two-level Schrödinger equation where the σ i are Pauli matrices and the Bloch Hamiltonian is defined as
The k-dependent eigenvalues of h(k) define the dispersion relation of the two band system
The band structure is complex for arbitrarily small values of Γ at the band edge. For values of Γ < 2 there are exceptional points at 2 cos k = Γ and for k-values such that 2 cos k < Γ the energy is imaginary. For Γ > 2 the bands are purely imaginary and there are no exceptional points. Here we focus on Γ values well below this critical point. An example of the band structure for Γ = 0.2 is depicted in the top row of Fig. 4 . The bottom row of the same figure shows the modulus squared of the components of the eigenstates. The eigenstates are close to the standard basis vectors at k = 0 and k = π. If a static force is applied to the lattice a term F j j|j j| is added to the Hamiltonian (17) . An initial state ψ(k) that is localised in a single band around a quasimomentum value k 0 will perform a non-Hermitian version of the famous Bloch oscillations. This is accompanied by transitions between the bands, which appear as a splitting of the beam in real space. Some examples of the resulting dynamics can be seen in Fig. 5 . Similar behaviour has been observed experimentally in a system of optical fibre loops [22] . The populations of the two bands, i.e. the relative amplitudes of the two beams, are modelled by the Landau-Zener-type Hamiltonian (3). This can be understood in the following way.
The static force introduces a term F q into the twocomponent Hamiltonian (19) h(k, q) = −2 cos kσ z + iΓσ x + F q,
where q = id/dk is canonically conjugate to k with [q, k] = i. The expectation value of k evaluated in the two-component state Ψ(k, t) at time t is
where we have defined the (non-unitary) time-evolution operator U = e −ih(k,q)t and the integrals are over the interval [−π/2, π/2]. The Zassenhaus formula enables the time-evolution operator to be factorised into U = e A(k) e −iF qt , with some matrix operator A that is independent of q, so that
This is the famous acceleration theorem that is wellknown for Hermitian systems. In the non-Hermitian case this is only an approximation and relies on the initial quasimomentum uncertainty being negligible. Now consider the two intervals
We note that if k 0 ∈ I 1 then k 0 = k 0 and the initial state is in the band E + . While if k 0 ∈ I 2 , then k 0 = k 0 − π and initial state is in the band E − .
In summary, if a static force is applied to the PTsymmetric chain (17) , the dynamics of a wave packet that is initially well localised in momentum space can be described by the effectively time-dependent Bloch Hamiltonian (20) , with the operator k replaced by its timedependent expectation value k t = k 0 − F t. We can further Taylor expand the effective two-level system (20) around the band edge k = π/2. The eigenvalues of the Taylor expanded Hamiltonian are depicted in the top panel of Fig. 4 , in comparison to the exact eigenvalues for Γ = 0.2. We observe a good agreement of the eigenvalues close to the exceptional points. The resulting Hamiltonian is of the form (3), with the replacements α → 2/F and γ → Γ/F , and the instantaneous eigenstates represent the two quasimomentum bands of the system. It follows from (16) that the transmission probability is given by This result agrees well with numerical calculations, as demonstrated in Fig. 5 for an initial broad Gaussian beam. The time-evolution of the renormalised density |ψ j | 2 /|ψ| 2 on each site j is plotted for Γ = 0.2 and three values of F . We observe that the Bloch oscillations sweep through the band structure depicted in Fig. 4 . The data points in the bottom right panel were obtained by evolving the same initial state to half the Bloch period T = 2π/F , for various values of F . The population in the upper band of the beam in position space was then calculated at t = T /2, when the two beams are maximally separated. The agreement between the numerically observed transmission probability and the approximative formula (26) is astonishing. This behaviour is observed for a wide range of parameters, as long as the two beams splitting at the exceptional point do not overlap and can be meaningfully distinguished. We expect the experimental observation of this transition due to sweeping through exceptional points to be entirely within reach.
We have investigated a two-level system driven through two consecutive exceptional points adiabatically and at finite speed. In the adiabatic limit this leads to behaviour having no analogue in the Hermitian case, where the population is equally distributed between the states coalescing in the exceptional point and a corresponding loss of information of the initial state. In the limit of fast driving the familiar quantum quench behaviour is recovered. We have derived an analytic expression for the population transfer for arbitrary speed of parameter variation, interpolating between these two extremes. We have further demonstrated how this can be experimentally investigated in a PT-symmetric lattice using Bloch oscillations, such as an optical waveguide setup, providing new opportunities for engineering beam dynamics.
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where ν = −iβ with β = γ 2 /2α. Due to the boundary condition |ψ 2 (t → −∞) | 2 = 1 the solution should be non-vanishing as t → −∞. Furthermore, the solution should have asymptotic behaviour consistent with equation (12) . Thus, the solution is of the form ψ 2 (t) = BD −ν (−z(t)). Matching the asymptotic value 
to (12) yields the normalisation factor |B| 2 = e πβ/2 . This result, together with the asymptotic result for the Weber function
leads to the amplitude |ψ 2 (t → +∞) | 2 = e 2πβ . 
